We study rational curves in con guration spaces which is equivalent to studying brations of plane curve complements. This is applied to the theory of Hurwitz spaces which are unrami ed covers of the con guration spaces. We formulate a criterion for a nite group to occur regularly as Galois group over Qand apply this criterion in several cases.
Introduction
Let H r (G) denote the moduli space which parametrizes (up to inner equivalence) nite Galois covers of the Riemann sphere having r branch points and group of deck transformations isomorphic to G; see Fried and V olklein FV] (there denoted H in r (G)). The regular inverse Galois problem (see the books MM], Se] and V] for this) has been reduced by Fried and V olklein FV] and Matzat Ma] (working in the corresponding eld theoretic setup) to the existence of rational points on the spaces H r (G):
The map which associates the set of branch points to a cover induces an unrami ed covering : H r (G) ! U r ; where U r is the con guration space which parametrizes subsets of P 1 := C f1g of cardinality r: By covering theory, the topology of H r (G) is determined by the action of the Hurwitz braid group H r ' 1 (U r ; P 0 ) on the ber over P 0 : This action can be described in purely algebraic terms as the braiding action of H r on generating systems of length r of G; see Fr1] , FV] and V].
There are numerous criteria to use the braiding action in order to prove the existence of rational points on H r (G) : Several papers of Fried use the rationality of some components of the spaces H r (G) to detect arithmetic properties of families of polynomials, One of the most common approaches to nd rational points on H r (G); is to lift a y The author gratefully acknowledges nancial support from the Deutsche Forschungsgemeinschaft.
2 M. Dettweiler rational curve S U r to obtain a curve S 0 H r (G) which sometimes contains a Qrational curve as component (which then contains many rational points), see Fr1] , Ma].
Note that the topology of S 0 is determined by the action of the image H of 1 (S) in H r :
Most of the above mentioned papers work with \standard curves" S which are obtained by xing all but one branch point. The aim of this paper is to investigate a broader class of curves.
One observes that every rational curve S in U r stands in correspondence with a bration of the complement of a plane curve C (Lemma 2.4). The study of such brations was initiated by Zariski Za] and developed by Cheniot Ch] , van Kampen vK] , Moishezon Mo] and many others. The key observation for us is that this bration maps into the basic underlying bration of con guration spaces (see Prop. 1.5, and Mo] ). We use a modi cation of Mo], adapted to the determination of H:
The organization of this paper is as follows: In Section 1 we de ne standard generators of the braid group and show that they have good properties with respect to the basic bration of con guration spaces, see Proposition 1.5. In Section 2 we investigate plane curve complements as mentioned above and compute the group H = H(C) in several cases. An extensive list of examples can be found in De] .
This is done in the following way, see Sections 2.2, 2.3: One observes that the braids which occur at the exceptional lines split up into several \braids of Puiseux expansions". The braids of Puiseux expansions are determined up to free homotopy by the sequence of Puiseux pairs (Pham's theorem) . The Puiseux pairs give a simpli ed braid which can often easily expressed in terms of the standard generators of the braid group. In Section 3 we formulate a criterion for a nite group to occur regularly as a Galois group over Q (by proving the existence of a Q-rational curve, using the action of the group H). Then we apply this criterion to some explicit examples, using the results of Section 2: In particular, we get an alternative proof for the M 24 realization of Ma].
As another application of the methods, developed in Section 2, we prove the existence of a Q-regular realization of the Mathieu group M 11 with 7 rami cation points using the van Kampen-Zariski theorem and the generalized rigidity criterion of Strambach and V olklein SV] . Further we use Katz' existence algorithm (see DR] and V4]) to realize the group SL 5 (9) regularly over Q: Here Katz' existence algorithm makes it possible to carry out the computation of the braiding action arising from a suitable plane curve (which cannot be done computationally in the huge group SL 5 (9)) in the alternating group A 5 : i;1 (t) := q i;1 (t); : : :; q B0 i;r (t) := q i;r (t)g in O r ; where q i;1 ; : : :; q i;r are the following paths in C : For k 6 = i; i + 1 the path q i;k is the constant path q i;k (t) := p k and q i;i (t) := (1 ? t)p i + tp i+1 : To de ne q i;i+1 we set a B0 i ( ) := a i := pi+pi+1 2 + ; 2 R + and let q i;i+1 be a path which moves on the connecting line from p i+1 to a i and from a i to p i , again on the connecting line. Here we always assume that is su ciently small that the paths q i;i+1 ; q j;j+1 ; i 6 = j; do not interfere with each other. Proposition 1.5. i) Let P 0 2 O r and let B 0 = (p 1 ; : : :; p r ) impose a frame on P 0 : Then the fundamental group 1 (O r ; P 0 ) has a presentation in terms of the elements Q i : 1 (O r ; P 0 ) = hQ 1 ; : : :; Q r?1 : Q i Q i+1 Q i = Q i+1 Q i Q i+1 ; i = 1; : : :; r ? 2; Q i Q j = Q j Q i for ji ? jj 2; i : ii) The projection onto the rst coordinate pr 1 : O(r+1) ! O r is a locally trivial bration. We identify the bre F over P 0 with C n P 0 via the second projection. Let p r+1 2 C n P 0 :
The long exact homotopy sequence of a locally trivial bration yields a split exact sequence 0 ?! 1 (C n P 0 ; p r+1 ) ?! 1 (O(r + 1); (P 0 ; p r+1 )) ?! 1 (O r ; P 0 ) ?! 0: (1.1) iii) There exist generators 1 ; : : :; r of 1 (C n P 0 ; p r+1 ) such that in (1.1) the Q i act in the following way on 1 (C n P 0 ; p r+1 ) : iii) Let X0 i ; i = 1; : : :; r; be the following paths in C n Y 0 : To obtain X0 i one goes along a half circle in the lower half plane from the point r + 1 very near to the point i; along a small circle once around i and then along the half circle back to r + 1: It is well known ( Bi] For r 4 one gets a similar result to Proposition 1.5 if one uses the paths j ; Q i ;
(Q i ; p r+1 ); viewed as paths in P 1 n P 0 ; U r ; U(r + 1); respectively. Analogously to the above de nition we will denote the corresponding elements j ; Q i as standard generators of 1 (P 1 n P 0 ; p r+1 ); 1 (U r ; P 0 ); respectively.
Computation of braids
Let P 0 = fp 1 ; : : :; p r g 2 O r : Let R(t) := fp 1 (t); : : :; p r (t)g be a closed path in O r (a closed braid) with initial point P 0 and T be the subset of elements t 2 0; 1] for which there exist i; j 2 f1; : : :; rg; i 6 = j; such that Re(p i (t)) = Re(p j (t)):
It is well known that if T is empty then R is homotopic in O r to the constant path at P 0 :
De nition 1.9. The closed braid R is called normalized, if i) Re(p i ) < Re(p i+1 ); i = 1; : : :; r ? 1; ii) the set T is nonempty and nite, and for any t 2 T there exist exactly two di erent elements i; j 2 f1; : : :; rg such that Re(p i (t)) = Re(p j (t)):
Note that condition i) of the above de nition implies that B 0 := (p 1 ; : : :; p r ) imposes a frame on P 0 : Remark 1.10. Conditions i) and ii) of De nition 1.9 can often be obtained by the following trick: One changes the direction of the projection by \twisting" the braid by simultaneous multiplication with a suitable root of unity n := e 2 =n ; i.e., one considers the braid n R := f n p 1 (t); : : :; n p r (t)g:
In the following let R be normalized. Let T = ft 1 ; : : :; t s g; with t i < t i+1 and T 0 = ft 0 1 := 0; t 0 2 ; : : :; t 0 s g 0; 1]; with t i?1 < t 0 i < t i for i = 2; : : :; s: Every element t 0 k 2 T 0 induces a new order of the paths p 1 (t); : : :; p r (t) via the real order of the values Re(p 1 (t 0 k )); : : :; Re(p r (t 0 k )): We denote the paths p 1 (t); : : :; p r (t) with respect to this order by p k 1 (t); : : :; p k r (t); i.e., we have Re(p k 1 (t 0 k )) < Re(p k 2 (t 0 k )) < < Re(p k r (t 0 k )): Then always two neighbored paths p k l(k) ; p k l(k)+1 have the same real part at t k : We multiply the number l(k) with the weight w k : The next observation will be useful later: Corollary 1.13. LetR be a closed braid with initial pointP 0 := fp 1 ; : : :;p r g such that Re(p i ) < Re(p i+1 ): Let further R 0 := fr 1 (t); : : :; r r (t)g be a path in O r with initial point P 0 := fp 1 ; : : :; p r g and endpointP 0 : If Re(r i (t)) < Re(r i+1 (t)); t 2 0; 1]; then R 2 1 (O r ;P 0 ) and R 0?1R R 0 2 1 (O r ; P 0 ) have the same word in the standard generators with respect to (p 1 ; : : :;p r ); respectively (p 1 ; : : :; p r ):
Proof. We can assume by homotopy thatR is normalized. The braidsR and R 0?1R R 0 are then normalized and have the same generating sequences. Now the claim follows from Proposition 1.12.2 2. Rational curves in con guration spaces 2.1. Rational curves in O r and plane curve complements Let C C 2 be a reduced plane curve de ned by a polynomial f 2 C x; y] of x-degree it cuts the curve C in less than r points. We will always assume that there exists at least one exceptional line and denote by E := fL y1 ; : : :; L ys g the set of all exceptional lines. Further we set S 0 := fy 1 ; : : :; y s g:
It is well known that the second projection pr 2 : C 2 n C E ! C n S 0 ; (x; y) 7 ! y; is a locally trivial bration with ber homeomorphic to the r-punctured a ne line, see , e.g., Dimca Di] , Lemma 3.5 or Cheniot Ch] . Let y 0 denote the basepoint of C n S 0 and P 0 := fp 2 C : f(p; y 0 ) = 0g: We will identify the ber over y 0 with C n P 0 via the rst projection.
The long exact homotopy sequence of a locally trivial bration yields a split exact sequence: 0 ! 1 (C n P 0 ; p r+1 ) ! 1 (C 2 n C E; (p r+1 ; y 0 )) ! 1 (C n S 0 ; y 0 ) ! 0: (2.1) (The exactness follows from the vanishing of 2 (C n S 0 ) and 0 (C n P 0 ): The freeness of the fundamental group of the punctured a ne line implies that the sequence is split.) Let C : 1 (C n S 0 ; y 0 ) ! 1 (O r ; P 0 ) be the homomorphism of fundamental groups induced by the map C : C n S 0 ! O r ; y 7 ! fp 2 C : f(p; y) = 0g: Let us x generators 1 ; : : :; s of 1 (C n S 0 ; y 0 ): In view of later applications (Section 3) we assume that 1 ; : : :; s are (the homotopy classes of) simple loops around the points y 1 ; : : :; y s ; respectively. Moreover we assume that their product 1 s is (the homotopy class of) a simple loop around the points y 1 ; : : :; y s : Theorem 2.2. There exists a basepoint p r+1 2 C nP 0 and generators 1 ; : : :; r of 1 (C n P 0 ; p r+1 ) such that in (2.1) the action of i on 1 (C n P 0 ) is given as follows:
( i 1 ; : : :; i r ) = ( C( i) 1 ; : : :; C( i) r ); where the C ( i ) 2 1 (O r ; P 0 ) act as in (1.2) on 1 ; : : :; r :
Proof. One has a commutative diagram
where~ C (x; y) := ( C (y); x): This map takes bers homeomorphically onto bers. We identify the bers over the basepoints y 0 ; resp. P 0 ; with C n P 0 via the rst, resp. second Choose a B 0 which induces a frame on P 0 (this is always possible) and let the path Q i = Q B0 i be as in Section 1.2. If the absolute value of p r+1 is large enough (in a way that the path ( C ( i (t)); p r+1 ) is homotopic in O(r + 1) to a product of the paths (Q i (t); p r+1 ); see Remark 1.6), then the claim follows from Proposition 1.5. 2
De nition 2.3. We denote R i := C ( i ) 2 1 (O r ; P 0 ) as braid of C with respect to i :
If the elements 1 ; : : :; s are understood, we denote R 1 ; : : :; R s as braids of C:
Lemma 2.4. The image of C : C nS 0 ?! O r is a rational curve S (i.e., a curve which is birationally equivalent to the projective line) in O r , which is de ned over C if the corresponding plane curve is de ned over (under the usual identi cation of O r with C r n ; = discriminant locus; mapping fx 1 ; : : :; x r g to (a 1 ; : : :; a r ); where Q (x?x i ) = x r + a 1 x r?1 + + a r ).
To any rational curve S O r ; which is closed in O r and de ned over ; there exists a plane curve C C 2 , de ned over ; such that S is the image of C n S 0 under C :
Proof. Obviously, S = C (C n S 0 ) O r is a rational curve, de ned over C ; if the curve C is de ned over :
On the other hand, let S O r be a rational curve which is closed in O r and de ned over : There exists a birational map h : C n fa 1 ; : : :; a m g ?! S; y 7 ! (h 1 (y); : : :; h r (y)) 2 C r n ; where h i = f i =g i ; f i ; g i 2 y]: The plane curve C; de ned by f(x; y) = g 1 (y) g r (y)(x r + f 1 (y)x r?1 + : : : + f r (y)) = 0; yields under the map C the curve S:2
Local computation of braids
In this section we present a method to compute braids of plane curves using Puiseux expansions of plane curve germs.
We assume now that the x-axis L 0 is an exceptional line of the curve C : f(x; y) = 0; which intersects the curve C in the points (c 1 ; 0); : : :; (c s ; 0): Let 2 R + be chosen in a way, that every line L y ; with 0 < jyj < ; is non exceptional. Let R := fp 1 (t); : : :; p r (t)g the braid of C with respect to the path (t) := 0 e 2 it ; 0 < 0 < : Let further P 0 := Proof. Since the discriminant of x(y?27=4(x 3 +x 2 )) is up to a scalar equal to y 3 (y?1)
we have E = fL 0 = L y1 ; L 1 = L y2 g: We will prove the claim for R 1 ; the claim on R 2 follows analogously.
One has two local braids W 1 and W 2 at (c 1 := ?1; 0) and (c 2 := 0; 0) with respect to the path~ 1 (t) := 0 e 2 p ?1t ( 0 < small enough that Assumption 2.5 holds).
One has exactly one branch X of C at (?1; 0): Obviously, W 1 is homotopic to the trivial braid (the set T of Section 1.2 is empty).
The curve C has two branches at (0; 0) which correspond to the irreducible components The path ?(1; t) is of the following form:
Curves on Hurwitz spaces
The braid ?(1; t) is not normalized, but the twisted braid 12 ?(1; t) is normalized and has a generating sequence (2; 1) : Using the simply connectedness of the upper, resp. lower halfplane it follows that C ( 0 1 (t)) is homotopic in O 4 to the path f 0 i (t) := (1 ? t)p i + tp i : i = 1; : : :; 4g: Then Re( 12 0 i (t)) < Re( 12 0 j (t)) 8t 2 I; if i < j: An application of Corollary 1. De nition 2.13. Let P 2 P 2 : An exceptional line with respect to the pair (C; P) is a (projective) line through P, which intersects the curve C in a singularity or is tangent to C:
Proposition 2.14. Let C P 2 be an irreducible highly singular quintic de ned over Q and P 2 P 2 n C such that there exist 3 exceptional lines with respect to (P; Since the proof, that the curves G 2 ; : : :; G 6 do not have points with 3 exceptional lines, is analogous in every case, we will only prove the statement for the curve G 2 : y(yz ? x 2 ) 2 + x(?6y 2 z 2 + 4x 2 yz + 2x 4 ) + z(yz + 3x 2 ) 2 = 0 :
For this, one computes the dual curve G 2 to be a) The map is an unrami ed covering map with respect to the complex topology. There exists an identi cation of the bre ?1 (P 0 ) with the set E r (G); such that the group 1 (U r ; P 0 ) := H r := hQ 1 ; : : :; Q r?1 i (the generators Q 1 ; : : :; Q r?1 are chosen as in Remark 1.8) act as follows:
Q i ( g 1 ; : : :; g r ]) = g 1 ; : : :; g i?1 ; g i g i+1 g ?1 i ; g i ; g i+2 ; : : :; g r ]: (3.1) b) Let P 0 1 and (P 0 ) = P 0 for all 2 G : Then, G acts in a natural way on ?1 (P 0 ): Under the identi cation of ?1 (P 0 ) with E r (G) this yields an operation of G on E r (G): For this operation, the following holds: For any element 2 G let m be a natural number, such that acts on the n{th roots of unity as n 7 ! m n : If g 1 ; : : :; g r ] 2 E r (G) is mapped under to the element h 1 ; : : :; h r ]: Then, g i is conjugated to h m j ; if (p i ) = p j :
Remark 3.1. The action of Q i on the ber follows similarly to FV], Sections 1.3-1.4, if one uses the standard generators 1 ; : : :; r of 1 (P 1 n P 0 ; p r+1 ) (Remark 1.8) for the parametrization of the ber and applies Proposition 1.5. In Section 3.2 we will moreover assume that p r+1 and 1 ; : : :; r are chosen accordingly to Theorem 2.2. Let N(C) := f g 1 ; : : :; g r ] 2 E r (G) : 9 2 S r ; g (i) 2 C i g andÑ (C) := f g 1 ; : : :; g r ] 2 E r (G) : g i 2 C i g: Sometimes we will write N(G; C) for N(C) to emphasize the underlying group G: We will always assume that N(C) is non empty.
The connected components of H r (G) (the same as the irreducible components) correspond to the orbits of H r on E r (G): Every component intersects the bre E r (G) in its corresponding orbit Proposition 3.3. The Hurwitz space H r (G; C) is de ned over if and only if C is a -rational tuple. There exists a -regular Galois extension of (t) with Galois group (isomorphic to) G and associated conjugacy classes C 1 ; : : :; C r (see V], Prop. 2.6, lifting L to (t)) if and only if H r (G; C) has a -rational point.
Curves on Hurwitz Spaces
In the situation of Section 2.1 Let C C 2 be a plane curve de ned by a polynomial f(x; y) 2 x; y]; of x-degree r; C : C n S 0 ! U r ; y 7 ! fp 2 C : f(p; y) = 0g Theorem 3.8. (Rational Curve Criterion) Let G be a nite group with trivial center and C be a -rational tuple of conjugacy classes of G such that the set N(C) is non empty. Then there exist a -regular Galois extension of (t) with Galois group G and associated classes C 1 ; : : :; C r ; if there exists a plane curve C C 2 which satis es the following conditions:
a) The map C is injective and the group H(C) stabilizes the setÑ (C): b) There exists an element P 0 2 S(C) such that G; P 0 ; C] is a rational rami cation type.
c) There exists an isolated orbit B of H(C) onÑ (C) of genus 0 and an i 2 f1; : : :; s+1g
with the following property: In the cycle decomposition of R i on B one cycle length occurs with odd multiplicity and the number of braids R j ; j = 1; : : :; s + 1; with the same cycle decomposition as R i ; is odd.
Proof. Since the orbit B is isolated and G; P 0 ; C] is a -rational rami cation type it follows from Proposition 3.5 that the corresponding curve X(B) H r (G; C) is a rational curve, de ned over : It follows from the \odd cycle condition" c) above that the function eld of X(B) is a rational function eld over (see, e.g., Artin Ar], Chap. 14, Thm. 7) and that thus X(B) has in nitely many rational points. The claim follows now from Theorem 3.10. There exist regular Galois extensions of Q(t) with Galois groups isomorphic to the Mathieu groups M 24 ; resp. M 11 ; and with associated classes 2a; 2a; 2a; 12b; resp. 3a; 3a; 3a; 2a:
Proof. Let C : x(y ? 27=4 (x 3 + x 2 )) = 0: The braids of C are by Lemma 2.11:
The cardinality ofÑ (C) :=Ñ (M 24 ; (2a; 2a; 12b; 2a) ) is 144 and H(C) stabilizesÑ (C):
Since the map C is injective, Condition a) of Theorem 3.8 is ful lled. Let P 0 = fp 1 ; : : :; p 4 g as in Lemma 2.11. Since the classes 2a and 12b are both rational, fp 1 ; : : :; p 4 g = P 0 8 2 G Q and p 3 = 0 it follows that G; P 0 ; C] is a rational rami cation type ( Since in the cycle structure of R 1 , e.g., the 6-cycle occurs with multiplicity 19 all conditions of the rational curve criterion (Thm 3.8) are ful lled and the claim on the group M 24 follows. Proceeding as in the M 24 case the claim follows for the group M 11 : 2
Example 3.11. Let G := A 6 ; C := (5a; 5a; 3a; 5b;5b;3a) and C : x(y ? (x ? p 5) 2 )(y ?
(x + p 5) 2 ) = 0: The braids of C are R 1 = Q 1 Q 4 ; R 2 = Q 2 Q 3 Q 2 Q 3 Q 2 Q 3 : (they can easily be determined as in Lemma 2.11). The setÑ(C) has cardinality 329625 and decomposes in orbits of length 1; 35; 40; 45; 120; 182; 240; 274; 296;720;2980; 160800; 163892 under the action of the groupĤ(C) (it decomposes in orbits of length 161640, 167985 under the pure braid group). As in Example 3.6 one can nd a point P 0 2Ŝ(C) such that G; P 0 ; C] is a rational rami cation type.
Clearly, the orbit of length 1 leads to a Galois realization via the variant of the rational curve criterion, described in Remark 3.9. But also the orbit B of length 40 is of interest: The cycle structure here is R 1 : (1) 4 (3) 2 (5) 4 (10) 1 ; R 2 : (2) 14 (3) 2 (1) 6 ; R 1 : (2) 2 (4) 3 (6) 4 : Thus the orbit B is thus of genus 0 and all conditions of the rational curve criterion (Remark 3.9) are ful lled. and associated classes 3a; 3a; 3a; 3a; 3a; 3a;4a:
Proof. Let C : (y ? x 2 ) 2 + x 5 = 0: The braids of C are by Proposition 2.15 R 1 = Q 3 Q 1 Q 1 Q 2 Q 1 Q 3 Q 2 and R 2 = Q 4 : Let further C 0 : y((y?x 2 ) 2 +x 5 ) = 0: The fundamental group of C 2 n C 0 is by the theorem of Zariski-van Kampen, see Cheniot Ch] We identify C 2 n C 0 with P 2 n C 0 L 1 : Then, 1 ; 2 ; 3 ; 4 ; 5 ; and ( 1 5 ) ?1 are simple loops around the components C 0 L 1 ; which satisfy the condition (TOP) in SV], 4.1. Since the conjugacy classes 3a; 4a are rational it follows that the condition (RAT)
of SV], 4.1, is ful lled for G = G Q : Now the Conclusion 2.2 of SV] implies that there exists an unrami ed Galois cover of P 2 n C 0 L 1 de ned over Q with group of deck transformations isomorphic to M 11 : Its restriction to a suitable line L P 2 n C 0 L 1 yields the claimed Galois extension of Q(t): 2 Theorem 3.13. Let G := SL 5 (9) and C := (C 1 ; C 1 ; C 1 ; C 2 ; C 1 ; C 1 ; C 1 ); where C 1 is the class of transvections and C 2 is the class of homologies with four eigenvalues ?1 and one eigenvalue 1: Then there is a regular Galois extension of Q(t) with Galois group G and associated classes C 1 ; C 1 ; C 1 ; C 2 ; C 1 ; C 1 ; C 1 :
Proof. Let C : x(y + x 2 + 1)(y ? (x ? 1) 2 )(y ? (x + 1) 2 ) = 0: The braids of C are R 1 = (Q 4 Q 3 ) 3 Q 5 Q 4 Q 3 Q 2 Q 3 Q 4 Q 5 ; R 2 = Q 1 Q 2 Q 1 Q 5 Q 6 Q 5 :
We start with the group A 5 and C 0 : = (2a; 2a; 2a; 3b;2a;2a; 2a) : One computes with the 22 M. Dettweiler ho-program Pr] that H(C) = hR 1 ; R 2 i has an isolated orbit of genus zero onÑ (C 0 ) and that also the other conditions of Theorem 3.8 are ful lled. We consider now the central 2-extension 2:A 5 as an irreducible subgroup of GL 2 (9): The elements of the class 2a correspond then to re ections and the elements of 3a are transvections. To these tuples one applies the convolution MC ?1 of DR] (or similarly the braid companion functor of V4]) and gets the corresponding tuples inÑ(C 1 ; C 1 ; C 1 ; C 2 ; C 1 ; C 1 ; C 1 ): These tuples generate the group Z 2 SL 5 (9) (since the pure braid group acts transitively onÑ(C 0 ) it su ces to prove the generation of Z 2 SL 5 (9) for one tuple (g 1 ; : : :; g 7 ) in 2:A 7 5 : One further shows with Pr] that no other orbit of length 18 is induced by other (irreducible) subgroups of GL 2 (9): Since the action of the braid group on tuples (Section 3.1) commutes with the convolution, see DR], Thm. 5.1, it follows that the group H(C) has also oñ N(C 1 ; C 1 ; C 1 ; C 2 ; C 1 ; C 1 ; C 1 ) an isolated orbit of length 18 and of genus zero, on which H(C) acts as on B: Since all the used classes are rational the claim follows from the rational curve criterion. 2
